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one-loop order. We show that the Roper mass can be extracted from these levels for not too
large lattice volumes.
∗ severt@hiskp.uni-bonn.de
† meissner@itkp.uni-bonn.de
ar
X
iv
:2
00
3.
05
74
5v
2 
 [h
ep
-la
t] 
 8 
Ap
r 2
02
0
2I. INTRODUCTION
In the last years a lot of work has been done to understand the hadron spectrum as it emerges
from Quantum Chromodynamics (QCD). However, the excited baryon spectrum of QCD is still
not very well understood and requires further theoretical investigations. At low energies chiral
perturbation theory (ChPT) has proven to be an important tool to describe hadrons and their
interactions, especially in the Goldstone boson sector. The inclusion of baryon states in ChPT is
also possible and baryon chiral perturbation theory (BChPT) is widely and successfully used today.
BChPT requires a more sophisticated approach because of the breakdown of the power counting due
to the inclusion of these heavy degrees of freedom and their large masses. This issue can, however, be
resolved either by using the so-called heavy-baryon approach or a suitably chosen renormalization
scheme within an explicitly Lorentz-invariant formalism, like the infrared regularization (IR) or
extended-on-mass shell (EOMS) approaches, see e.g. the review [1]. This allows to investigate the
properties of a few low-lying excited states. Unitarization methods allow to address more meson
and baryon resonances, however, at the cost of introducing some model-dependence as various
unitarization schemes can be employed. To access a larger part of the spectrum, a different approach
is required. Lattice QCD is a first principles method that allows to calculate the hadron spectrum
from the underlying fundamental quark and gluon fields. Calculations do an outstanding job in
describing the lowest-lying hadron states. With ever increasing computational power, improved
algorithms and refined finite volume methods, especially hadron ground states are simulated more
and more precisely on the lattice. Excited states are more difficult to access, though there has been
some visible progress in the last years. The present state of the art is reviewed in Ref. [2].
One excited state that is of perticular interest is the Roper resonance, which was found in 1964
using a partial wave analysis of pion-nucleon scattering data [3]. It is a spin-1/2 state with positive
parity (like the nucleon) and with a mass of around mR = 1.44 GeV1 it lies slighty above the delta
resonance. The most remarkable feature of this low-lying baryon resonance are its decays. Besides
the decay into a pion and a nucleon, it also decays into a nucleon and two pions (via the ∆N and
Nσ intermediate states) with a branching fraction comparable to the Npi mode. This three particle
final state becomes important in lattice simulations involving three or more hadrons, see Ref. [5]
for a recent review. It is also worth noting that there are going experimental programs to map out
the electromagnetic structure of the Roper resonance, in particular through electro-excitatation and
related theoretical studies, see e.g. Refs. [6–9].
1 This is the less reliable Breit-Wigner mass [4].
3A dedicated lattice QCD study of the Roper using both quark and hadron interpolators was
performed in Ref. [10], see also Ref. [11]. In Ref. [10] a number of three-quark interpolating fields
was supplemented by operators for Npi in P-wave and Nσ in S-wave. In the center-of-momentum
frame three eigenstates below 1.65 GeV were found. No eigenstate corresponding to the Roper
at mR = 1.44GeV is found, which indicates that Npi elastic scattering alone does not render a
low-lying Roper. Coupling with other channels, most notably with Npipi, seems to be important
for generating the Roper resonance. The study of the coupled-channel scattering including a three-
particle decay Npipi remains a challenge.
Here, we follow another path. An effective field theory treatment of the Roper resonance has
already been established. In order to improve the investigation of the Roper on the lattice, a finite
volume calculation of the system is performed. The Roper is placed in a finite cubic box of size L
and we study the difference between its energy spectrum in the infinite volume and finite volume
case, i.e. the finite volume corrections of the Roper resonance. Due to the presence of a narrow
resonance, the energy levels in the box show a very characteristic behaviour near the resonance
energy. The energy levels get shifted when the box size L is changed, but they do not cross each
other. This is the so-called “avoided level crossing” [12].
In this work we want to find out if this behavior can also be seen in the energy levels of the
Roper system. To do so, we study the finite volume corrections of the self-energy of the Roper up
to third chiral order O(p3) and perform a fit of the energy levels. A similar study has already been
done for the delta resonance in [13] and we treat the Roper resonance accordingly.
Our manuscript is organized as follows: In Sec. II, we display the effective chiral two-flavour
Lagrangian of pions and baryons (nucleon, delta, Roper resonance) underlying our calculations.
In Sec. III, we calculate the self-energy of the Roper resonance in the continuum volume. The
calculation of Roper self-energy in the finite volume is given in Sec. IV. The results for the energy
levels of the Roper and the pertinent discussion are given in Sec. V. We end with a short summary
and outlook in Sec. VI. Some technicalities are relegated to the appendices.
II. EFFECTIVE LAGRANGIAN
First, we discuss the chiral effective Lagrangian that we need for our calculations. It is taken
from Ref. [14] (for earlier related work, see e.g. Refs. [15–18]) and is given by
Leff. = Lpipi + LpiN + LpiR + Lpi∆ + LpiN∆ + LpiNR + Lpi∆R . (1)
4The dynamical degrees of freedom are pions (pi), nucleons (N), the delta (∆) and the Roper
resonance (R). We restrict ourselves to flavor SU(2) and work in the isospin limit (mu = md ≡ mˆ).
In what follows, we work to leading one-loop order, O(p3), where p denotes a small momentum or
mass. We count the pion mass as well as the mass differences mR −mN , m∆ −mN and mR −m∆
as of order p. When going to higher orders, this naive counting requires modification as detailed in
Ref. [14]. Now let us enumerate the contributions required for the O(p3) calculation of the Roper
self-energy. The relevant terms from the mesonic Lagrangian are
L(2)pipi =
F 2
4
Tr
(
∂µU∂
µU †
)
+
F 2
4
Tr
(
Uχ† + χU †
)
, (2)
where U is a 2× 2-matrix that contains the pion fields, F is the pion decay constant in the chiral
limit, which will later be identfied with the physical pion decay constant Fpi. Further, χ is the
external scalar source which is given by the diagonal matrix
χ =
M2pi 0
0 M2pi
 , (3)
with the pion mass Mpi (we have already identified the leading term in the quark mass expansion
of the pion mass with its physical value). The leading order (LO) terms of chiral dimension one
and one required next-to-leading order (NLO) term of chiral dimension two containing pion fields
and the spin-1/2 baryons read
L(1)piN = Ψ¯N
(
i /D −mN0 +
1
2
gA/uγ5
)
ΨN ,
L(1)piR = Ψ¯R
(
i /D −mR0 +
1
2
gR/uγ5
)
ΨR ,
L(2)piR = cR1 Ψ¯RTr (χ+) ΨR . (4)
Here, ΨN and ΨR are the isospin doublet fields with chiral limit masses mN0 and mR0 of the
nucleon and the Roper resonance, respectively. The interaction of these fields with the pion field is
characterised by the axial couplings gA and gR and the chiral vielbein
uµ = i
(
u†∂µu− u∂µu†
)
, (5)
where u =
√
U . The last equation in (4) denotes a term of the second order pion-Roper Lagrangian
with the low-energy constant (LEC) cR1 and χ+ = u†χu† + uχ†u. This term is required in the
calculation of the Roper self-energy to be discussed below. Since we are only interested in strong
interaction processes we leave out all other external sources. The covariant derivative is then given
5by
DµΨN/R = (∂µ + Γµ) ΨN/R , (6)
with
Γµ =
1
2
{
u†∂µu+ u∂µu†
}
. (7)
The spin-3/2 delta resonances are introduced as usual in terms of Rarita-Schwinger fields Ψiµ,
i ∈ {1, 2, 3} [19]. The LO Lagrangian reads
L(1)pi∆ = −Ψ¯iµξ3/2ij
{(
i /D
jk −m∆0δjk
)
gµν − i
(
γµDν, jk + γνDµ, jk
)
+ iγµ /D
jk
γν
+m∆0δ
jkγµγν +
g1
2
/ujkγ5g
µν +
g2
2
(
γµuν, jk + uµ, jkγν
)
γ5
+
g3
2
γµ/ujkγ5γ
ν
}
ξ
3/2
kl Ψ
l
ν , (8)
where m∆0 is the chiral limit mass of the delta, g1, g2, and g3 are coupling constants, that are,
however, not independent [20]. Further, ξ3/2ij is the isospin-3/2 projector
ξ
3/2
ij = δij −
1
3
τiτj , (9)
in terms of the Pauli-matrices τi. The propagator Gρµ(k) of the spin-3/2 Rarita-Schwinger propa-
gator in D space-time dimensions is given by
Gρµ(k) =
−i(/k +m∆)
k2 −m2∆ + i
(
gρµ − 1
D − 1γ
ργµ +
kργµ − γρkµ
(D − 1)m∆
− D − 2
(D − 1)m2∆
kρkµ
)
, (10)
where we use the physical delta massm∆, which is legitimate in our calculation. The LO interactions
between pions, nucleons, deltas and Roper resonances are completed by
L(1)piNR = Ψ¯R
(gpiNR
2
/uγ5
)
ΨN + h.c. ,
L(1)piN∆ = hΨ¯iµξ3/2ij Θµα (z1)ωjαΨN + h.c. ,
L(1)pi∆R = hRΨ¯iµξ3/2ij Θµα (z2)ωjαΨR + h.c. . (11)
Here, gpiNR, h, and hR are coupling constants and
ωjν =
1
2
Tr
(
τ juν
)
, Θµν (z) = gµν + zγµγν , (12)
where z1 and z2 are off-shell parameters. Throughout this text we follow Ref. [14] and set g1 =
−g2 = −g3 and z1 = z2 = 0, see also Refs. [21, 22]. More terms have to be taken into account if
one is interested in performing calculations of higher chiral order.
6FIG. 1. One-loop diagrams contributing to the Roper mass at third chiral order. Thick solid, dashed, solid,
and solid double lines refer to the Roper resonance, pions, nucleons, and delta baryon states, respectively.
The vertices denoted by a filled dot refer to insertions from the first order chiral Lagrangian.
III. SELF-ENERGY OF THE ROPER RESONANCE
To calculate the mass of the Roper resonance in the infinite (and also finite) volume we have to
determine the poles of the dressed propagator
iSR (p) =
i
/p−mR0 − ΣR
(
/p
) . (13)
Here, ΣR denotes the self-energy of the Roper, which can be calculated from all one-particle-
irreducible contributions to the two-point function of the Roper resonance field ΨR. The poles are
obtained by solving the equation [
/p−mR0 − ΣR
(
/p
)]∣∣
/p=Z
!
= 0 , (14)
where in the infinite volume Z is parametrized by
Z = mR − iΓR
2
, (15)
in terms of the physical Roper mass mR and its width ΓR. This implies that the real part of the
self-energy corresponds to corrections ofmR, whereas the imaginary part corresponds to corrections
of ΓR.
At third chiral order there are three one-loop diagrams contributing to the self-energy of the
Roper resonance, which are depicted in Fig. 1. The diagrams differ by the internal baryon state,
which can be a Roper, a nucleon or a delta baryon. Additionally, there is a contact interaction
coming from the second order Lagrangian of the Roper in Eq. (4). The self-energy up to order
O (p3) then reads
ΣR
(
/p
)
= Σ
(2)
R
(
/p
)︸ ︷︷ ︸
contact int.
+ Σ
(3)
piR
(
/p
)
+ Σ
(3)
piN
(
/p
)
+ Σ
(3)
pi∆
(
/p
)︸ ︷︷ ︸
loops
+O (p4) . (16)
Using the effective Lagrangians from Sec. II, we can straightforwardly write down the expressions
for the self-energy. For the second order contact interaction we find
Σ
(2)
R = −4cR1 M2pi , (17)
7and the three loop contributions are given by
Σ
(3)
piR
(
/p
)
=
3g2R
4F 2pi
∫
d4k
(2pi)4
i/kγ5
(
/p− /k +mR
)
/kγ5
[(p− k)2 −m2R + i][k2 −M2pi + i]
, (18)
Σ
(3)
piN
(
/p
)
=
3g2piNR
4F 2pi
∫
d4k
(2pi)4
i/kγ5
(
/p− /k +mN
)
/kγ5
[(p− k)2 −m2N + i][k2 −M2pi + i]
, (19)
Σ
(3)
pi∆
(
/p
)
=
2h2R
F 2pi
∫
d4k
(2pi)4
(p− k)µGµν (k) (p− k)ν
(p− k)2 −M2pi + i
, (20)
where Gρµ(k) is given in Eq. (10). The three one-loop contributions to the Roper mass can be
expanded in terms of the scalar Passarino-Veltman integrals (PV integrals). This expansion is done
using the Mathematica package FeynCalc [23, 24]. The definitions and solutions of the PV integrals
can be found in App. A. This results in
Σ
(3)
piR
(
/p = mR
)
=
3g2R
4F 2pi
∫
d4k
(2pi)4
i/kγ5
(
/p− /k +mR
)
/kγ5
[(p− k)2 −m2R + i][k2 −M2pi + i]
∣∣∣∣∣
/p=mR
=
3g2RmR
32F 2pi
{
M2piB0
(
m2R,m
2
R,M
2
pi
)
+A0
(
m2R
)}
, (21)
Σ
(3)
pi∆
(
/p = mR
)
=
2h2R
F 2pi
∫
d4k
(2pi)4
(p− k)µGµν (k) (p− k)ν
(p− k)2 −M2pi + i
∣∣∣∣
/p=mR
=
h2R
96pi2F 2pim
2
∆mR
{
−
[
(m∆ +mR)
2 −M2pi
]
λ
(
m2R,m
2
∆,M
2
pi
)
B0
(
m2R,m
2
∆,M
2
pi
)
+
[
m4∆ + 2m
3
∆mR +
(
M2pi −m2R
)2 −m2∆ (m2R + 2M2pi)
+ 2m∆mR
(
m2R −M2pi
)]
A0
(
m2∆
)
+
[
m4∆ + 2m
3
∆mR − 2m∆m3R
−m4R − 2m2∆M2pi + 6m∆mRM2pi + 5m2RM2pi +M4pi
]
A0
(
M2pi
)}
+
h2R
576pi2F 2pim
2
∆
{
3m4∆mR − 12m3∆m2R − 4m2∆m3R + 2m5R
− 8m3RM2pi + 13mRM4pi + 4m∆
(
m4R − 3m2RM2pi + 4M4pi
)}
, (22)
Σ
(3)
piN
(
/p = mR
)
=
3g2piNR
4F 2pi
∫
d4k
(2pi)4
i/kγ5
(
/p− /k +mN
)
/kγ5
[(p− k)2 −m2N + i][k2 −M2pi + i]
∣∣∣∣∣
/p=mR
=
−3g2piNR
128pi2F 2pimR
{
(mR +mN )
2
[(
(mR −mN )2 −M2pi
)
B0
(
m2R,m
2
N ,M
2
pi
)
−A0
(
m2N
)]− (m2R −m2N)A0 (M2pi)} . (23)
We used Källén’s triangle function λ(x, y, z) = (x−y− z)2−4yz to simplify the lengthy expression
of Σ(3)pi∆.
8Evaluating these scalar integrals in the infinite volume leads to the well-known infinities that
one has to tame within the framework of renormalization. Procedures like the M˜S scheme use
redefinitions of the bare parameters in the Lagrangian to subtract the infinities. Additionally in
baryonic ChPT one will encounter terms in the expansion of the loop diagrams that break the
power counting. These so-called power counting violating terms can be handeld with different
techniques, like the heavy baryon approach, IR or the EOMS scheme. Within this EOMS scheme
one performs additionally finite subtractions to cancel the power counting violating terms. In the
end one obtains a finite result that is consistent with the power counting. Further details relevant
for our calculations can be found, e.g., in Refs. [25, 26].
IV. FINITE VOLUME FORMALISM
Next, we consider the Roper resonance in a finite volume. We place our system in a cubic box of
length L and calculate the difference between the finite and infinite volume case [27]. In the finite
volume the (Euclidean) loop integral is replaced by an infinite sum of the spatial momenta while
the integration over the time component remains unchanged (in actual lattice QCD calculations,
the time direction is also discrete, but we keep it continuous for simplicity)∫
d4kE
(2pi)4
(. . .) 7→
∫ ∞
−∞
dk4
2pi
1
L3
∑
~k
(. . .) . (24)
In a finite volume the spatial momenta are discretized and can only take values that are integer
multiples of 2pi/L, i.e. (for a general discussion of theories with spontaneous symmetry breaking in
a finite volume, see e.g. Ref. [28])
~k =
2pi
L
~n , ~n ∈ Z3 . (25)
This change obviously influences the self-energy of the Roper resonance. The poles of the propagator
are now given by
/p−mR0 − ΣLR
(
/p
)
= 0 , (26)
where ΣLR
(
/p
)
denotes the self-energy of the Roper in the finite box. The difference beetween the
self-energy in the box and in the infinite volume is defined as the finite volume correction (FV
correction) of the system [29, 30]
Σ˜LR
(
/p
)
:= ΣLR
(
/p
)− Re{ΣR (/p)} . (27)
9Note that in the finite volume the self-energy can only yield real values due to the summation over
real momenta ~k. Therefore we have to restrict the infinite volume self-energy to its real part to
ensure a non-imaginary FV correction.
Using Eq. (27) we can reformulate Eq. (26). We choose the center-of-mass frame pµ = (E,~0)
and use the on-shell condition /p = E to obtain
0
!
= E −mR0 −
[
Σ˜LR (E) + Re {ΣR (E)}
]
= E −
[
mR0 + Re {ΣR (E)}
]
︸ ︷︷ ︸
mR
−Σ˜LR (E) ⇔ mR − E = −Σ˜LR (E) ,
where we used the definition of the physical Roper mass mR, i.e. the real part of the pole, in the
last step. At third chiral order, the contributions to the self-energy are the ones from Fig. 1. We
get
mR − E = −
{
Σ˜
L, (3)
piR (E) + Σ˜
L, (3)
piN (E) + Σ˜
L, (3)
pi∆ (E)
}
, (28)
and our goal will be the numerical evaluation of this equation. The three one-loop contributions to
the Roper mass have been expanded in terms of the PV integrals in the last section. Now we have
to replace the infinite volume quantities with their finite volume expressions. We obtain
Σ˜
L, (3)
piR (E) = −
3g2R
128pi2F 2piE
(E +mR)
{
(E +mR)
[(
(E −mR)2 −M2pi
)
B˜L0
(
E2,m2R,M
2
pi
)
− A˜L0
(
m2R
)]
+ (mR − E) A˜L0
(
M2pi
)}
, (29)
Σ˜
L, (3)
piN (E) = −
3g2piNR
128pi2F 2piE
(E +mN )
{
(E +mN )
[(
(E −mN )2 −M2pi
)
B˜L0
(
E2,m2N ,M
2
pi
)
− A˜L0
(
m2N
)]
+ (mN − E) A˜L0
(
M2pi
)}
, (30)
Σ˜
L, (3)
pi∆ (E) =
h2R
96pi2F 2pim
2
∆E
{
−
[
(m∆ + E)
2 −M2pi
]
λ
(
E2,m2∆,M
2
pi
)
B˜L0
(
E2,m2∆,M
2
pi
)
+
[
m4∆ + 2m
3
∆E +
(
M2pi − E2
)2 −m2∆ (E2 + 2M2pi)
+ 2m∆E
(
E2 −M2pi
)]
A˜L0
(
m2∆
)
+
[
m4∆ + 2m
3
∆E − 2m∆E3
− E4 − 2m2∆M2pi + 6m∆EM2pi + 5E2M2pi +M4pi
]
A˜L0
(
M2pi
)}
, (31)
where A˜L0 and B˜L0 are the finite volume corrections of the PV integrals which will be determined
next.
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A. Calculation of loop integrals in the finite volume
Let us consider as an example
A0(m
2) = −16pi2
∫
d4k
(2pi)4
i
k2 −m2 (32)
in four-dimensional Minkowski space. We will follow the procedure described in Ref. [13] here.
First of all we perform the Wick rotation k0 → ik4 to Euclidean space, so that the integral can be
rewritten as
A0
(
m2
)
= −16pi2
∫
d4kE
(2pi)4
1
k2E +m
2 . (33)
Now we can define the finite volume PV integral by replacing the Euclidean spatial integral with a
discrete sum
AL0
(
m2
)
= −16pi2
∫ ∞
−∞
dk4
2pi
1
L3
∑
~k
1
k24 + |~k|2 +m2
, (34)
where the momenta ~k are restricted according to Eq. (25). The evaluation of this sum is the next
task. First, we note that the function inside the sum is regular, i.e. it does not possess a pole on
the real axis for all values of k4 and ~k. Therefore we can use the so called Poisson trick to simplify
the calculation. We insert the Dirac delta into the equation
AL0
(
m2
)
= −16pi2
∫ ∞
−∞
dk4
2pi
1
L3
∫
d3k
1
k24 + |~k|2 +m2
∑
~n
δ(3)
(
~k − 2pi
L
~n
)
, (35)
and then we use the Poisson formula in three dimensions∑
~n
δ(3)
(
~k − 2pi
L
~n
)
=
(
L
2pi
)3∑
~n
exp
(
iL~n · ~k
)
. (36)
Plugging this result in our finite volume PV integral we obtain
AL0
(
m2
)
= −16pi2
∫
d4kE
(2pi)4
1
k24 + |~k|2 +m2
∑
~n
eiL
~k·~n , (37)
where we have regained a four-dimensional integral over momenta times a sum of exponential
functions. We observe that the term in the sum with ~n = ~0 reproduces the infinite volume PV
integral from Eq. (33)
AL0
(
m2
)
= −16pi2

∫
d4kE
(2pi)4
1
k24 + |~k|2 +m2
+
∑
~n6=0
∫
d4kE
(2pi)4
eiL
~k·~n
k24 + |~k|2 +m2

= A0
(
m2
)− 16pi2∑
~n6=0
∫
d4kE
(2pi)4
eiL
~k·~n
k24 + |~k|2 +m2
. (38)
11
Thus, the finite volume correction is given by
A˜L0
(
m2
)
:= AL0
(
m2
)−A0 (m2) = −16pi2∑
~n6=0
∫
d4kE
(2pi)4
eiL
~k·~n
k24 + |~k|2 +m2
. (39)
The remaining integral is finite and can be solved with standard methods. After integrating the
spatial part we are left with
A˜L0
(
m2
)
= −4
∑
j 6=0
1
Lj
∫ ∞
0
dk4e
−Lj
√
k24+m
2
= −4m2
∑
j 6=0
K1 (mLj)
mLj
, (40)
where j = |~n| =
√
n21 + n
2
2 + n
2
3 and Kν(z) is the modified Bessel function of the second kind. For
large values of the box length L and the summation index j the finite volume correction decreases
exponentially so that it becomes negligible for large volumes (usually this is expected forMpiL > 4).
A similar calculation can be done for B˜L0 . After performing the Wick rotation in the infinite
volume, the integral has the form
B0
(
E2,m2X ,M
2
pi
)
= 16pi2
∫
d4kE
(2pi)4
1
[k2E +M
2
pi ][(Pˆ − kE)2 +m2X ]
, Pˆµ = (iE,~0) , (41)
and the finite volume expression is given by
BL0
(
E2,m2X ,M
2
pi
)
= 16pi2
∫ ∞
−∞
dk4
2pi
1
L3
∑
~k
1
[k24 + |~k|2 +M2pi ][(iE − k4)2 + |~k|2 +m2X ]
. (42)
The next step is to use Feynman parameterization, see App. B for further details, to combine
the two denominators and then perform a shift in the non-discret momentum component k4. The
resulting expression reads
BL0
(
E2,m2X ,M
2
pi
)
= 16pi2
∫ 1
0
dy
∫ ∞
−∞
dk4
2pi
1
L3
∑
~k
1[
k24 + |~k|2 + gX (y,E2)
]2 , (43)
with
gX
(
y,E2
)
= y (y − 1)E2 + ym2X + (1− y)M2pi . (44)
Depending on the values for E, mX and Mpi, the function gX
(
y,E2
)
can be positive, negative or
zero for some values of y. If gX
(
y,E2
)
> 0 for all y ∈ [0, 1], the function inside the sum is regular
and we can again use the Poisson formula analogously to AL0 . The finite volume correction then is
B˜L0
(
E2,m2X ,M
2
pi
)
= 2
∫ 1
0
dy
∑
j 6=0
K0
(
Lj
√
gX (y,E
2)
)
. (45)
12
Also here the correction drops exponentially for large L and j. Note that the parameter integral
over y has to be evaluated numerically.
However, if the function gX is negative or equal to zero for some values of y, the Poisson formula
is no longer applicable. In our calculation for example, if mX = mR the difference between the
pole position E and mR is small and gX stays positive. If mX = mN , m∆ the function can become
negative and we have to find another way to evaluate the finite volume contribution. To do so we
follow again Ref. [13] and introduce a scale µ, which will be used to subtract ultraviolet divergences
from the infinite sum. Also the scale can be choosen in such a way that the function gX
(
y, µ2
)
stays positive. We expand the finite volume correction as
B˜L0
(
E2,m2X ,M
2
pi
)
= BL0
(
E2,m2X ,M
2
pi
)− Re{B0 (E2,m2X ,M2pi)}
= BL0
(
E2,m2X ,M
2
pi
)− Re{B0 (E2,m2X ,M2pi)}
+ B˜L0
(
µ2,m2X ,M
2
pi
)−BL0 (µ2,m2X ,M2pi)+B0 (µ2,m2X ,M2pi)
+
(
E2 − µ2) d
dE2
{
B˜L0
(
E2,m2X ,M
2
pi
)
−BL0
(
E2,m2X ,M
2
pi
)
+B0
(
E2,m2X ,M
2
pi
)}∣∣∣∣
E2=µ2
≡ 16pi2 {HX1 (E2)+HX2 (E2)+HX3 (E2)} , (46)
and separate it into three terms, which are given by
16pi2HX1
(
E2
)
=
{
BL0
(
E2,m2X ,M
2
pi
)−BL0 (µ2,m2X ,M2pi)
− (E2 − µ2) d
dE2
BL0
(
E2,m2X ,M
2
pi
) ∣∣∣∣
E2=µ2
}
, (47)
16pi2HX2
(
E2
)
=
{
B˜L0
(
µ2,m2X ,M
2
pi
)
+
(
E2 − µ2) d
dE2
B˜L0
(
E2,m2X ,M
2
pi
)}
, (48)
16pi2HX3
(
E2
)
= −
{
Re
{
B0
(
E2,m2X ,M
2
pi
)}−B0 (µ2,m2X ,M2pi)
− (E2 − µ2) d
dE2
B0
(
E2,m2X ,M
2
pi
) ∣∣∣∣
E2=µ2
}
. (49)
The first subtraction term with the newly introduced scale µ ensures that the correction converges,
while the derivative terms lead to a faster convergence. The first term, HX1 , contains only terms
with momentum sums. After the integration over k4, one obtains
HX1
(
E2
)
=
(
E2 − µ2)2 1
L3
∑
~n
EX + Epi
2EXEN
1
(EX + Epi)2 − E2
1
((EX + Epi)2 − µ2)2 , (50)
with EX =
√
m2X +
(
2pi
L
)2 |~n|2 and Epi = √M2pi + (2piL )2 |~n|2. In the second term one finds finite
volume corrections that can be calculated with the Poisson summation formula, since the functions
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are regular. We get
HX2
(
E2
)
=
1
8pi2
∫ 1
0
dy
∑
j 6=0
{
K0
(
Lj
√
gX (y, µ2)
)
− (E2 − µ2) y(y − 1)Lj
2
√
gX (y, µ2)
K1
(
Lj
√
gX (y, µ2)
)}
. (51)
The last term only contains infinite volume quantities which can be calculated with standard meth-
ods
HX3
(
E2
)
= − BE
32pi2E2
{
ln
(
E2 +m2X −M2pi +BE
E2 +m2X −M2pi −BE
)
+ ln
(
E2 −m2X +M2pi +BE
E2 −m2X +M2pi −BE
)}
+
Bµ
16pi2µ2
{
arctan
(
µ2 +m2X −M2pi
Bµ
)
+ arctan
(
µ2 −m2X +M2pi
Bµ
)}
− E
2 − µ2
16pi2µ2
{
1 +
(
E2 − µ2) (m2X −M2pi)
2E2µ2
ln
(
M2pi
m2X
)
+
(
m2X −M2pi
)2 − µ2 (m2X +M2pi)
µ2Bµ
×
[
arctan
(
µ2 +m2X −M2pi
Bµ
)
+ arctan
(
µ2 −m2X +M2pi
Bµ
)]}
, (52)
where we used again the triangle function to define
BE = λ
1/2
(
E2,m2X ,M
2
pi
)
:=
√(
E2 −m2X −M2pi
)2 − 4m2XM2pi , (53)
Bµ = iλ
1/2
(
µ2,m2X ,M
2
pi
)
:=
√
− (µ2 −m2X −M2pi)2 + 4m2XM2pi . (54)
We now have evaluated all PV integrals in the finite volume that we need. We note that the issue
of using the PV reduction in the finite volume was already discussed in Ref. [13] and we refer to
that paper for details. Thus we return to the main task, the numerical calculation of Eq. (28).
V. RESULTS
A. Calculation of the energy levels
We now want to determine the energy spectrum of the Roper resonance system. To obtain this
we take a look at Eq. (28) and try to find numerical solutions for the energy E for different box
sizes L. Due to the presence of the Roper we expect to see the so-called avoided level crossing of
the energy levels.
Before we start to solve Eq. (28) by numerical methods, let us again consider the results of
the finite volume PV integrals. We have seen that all regular functions in the self-energy of the
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Roper decrease exponentially for large L. This includes all tadpoles, i.e. all A˜L0 functions, as
well as B˜L0
(
E2,m2R,M
2
pi
)
from the piR loop in Fig. 1. Choosing L to be large we can neglect the
contributions from these functions, leaving just the FV correction from the piN and the pi∆ loop
(see also Refs. [13, 31]). This facilitates the numerical computation of the energy levels significantly.
The simplified equation reads
mR − E =
3g2piNR
128pi2F 2piE
(E +mN )
2
[
(E −mN )2 −M2pi
]
B˜L0
(
E2,m2N ,M
2
pi
)
+
h2R
96pi2F 2pim
2
∆E
[
(m∆ + E)
2 −M2pi
]
λ
(
E2,m2∆,M
2
pi
)
B˜L0
(
E2,m2∆,M
2
pi
)
, (55)
where only the non-regular functions and two LECs (gpiNR and hR) are left. Leaving out these
contributions also simplifies the treatment of power counting breaking terms that would normally
appear in such a calculation. The remaining expression, however, does not contain any power
counting violating terms, so that an additional renormalization scheme, like EOMS, is redundant.
Additional remarks on this issue are given in Ref. [13]. The further numerical studies of the energy
levels are performed by using this equation. Values of the used parameters are given in the next
subsection.
B. Numerical results
For the hadron masses and constants we use the numerical values from Ref. [14]. The baryon
masses are mN = 939 MeV, mR = 1365 MeV 2, and m∆ = 1210 MeV. For the pion mass we use
Mpi = 139 MeV and for the pion decay constant Fpi = 92.2 MeV. The two coupling constants are
also taken from Ref. [14] and are gpiNR = ±0.47, and hR = h = 1.42, with the assumption that
the coupling hR is equal to the pion-nucleon-delta-coupling h (the so-called maximal mixing [15]).
Note that the sign of gpiNR does not matter as this coupling appears squared in our analysis. We
also have to choose the scale µ for the calculation and set µ = mN for the nucleon, and µ = m∆
for the delta case.
Now we have everything we need to find the numerical values of E. We evaluate the sums in
the finite volume corrections from |~n|2 = 1 up-to-and-including |~n|2 = 4. Then we solve Eq. (55)
for the respective energy levels for different box sizes. To make things easier we first look at the
Roper resonance without the delta, i.e. we set hR = 0 and take only the interaction between Roper,
nucleon and pion into account. The results are displayed in Fig. 2. The energy is depicted in units
2 This is the more reliable pole mass [4].
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FIG. 2. Energy levels for different box sizes L considering only pion and nucleon as intermediate states.
Red solid lines display the numerical results and blue dashed lines the free energy levels of the pion and
nucleon for |~n|2 = 1, 2, 3, 4 (lowest to highest curve).
of the nucleon mass mN and the box size L is multiplied by the pion mass Mpi. The red solid lines
denote the numerical results of E for the respective energy levels while the blue dashed lines denote
the free energy levels of the pion-nucleon final states, i.e.
EfreepiN (~n) =
√
m2N +
(
2pi
L
)2
|~n|2 +
√
M2pi +
(
2pi
L
)2
|~n|2 , (56)
for |~n|2 = 1, 2, 3, 4. We can clearly see signs of avoided level crossing at small box sizes, whereas
the curves asymptotally approach the free energy levels at larger box sizes. Also the curves seem
to switch between different free energy levels which is also a typical behaviour for a resonance (see
Ref. [13]). It can be especially observed in the upmost curve between the |~n|2 = 3 and |~n|2 = 4 levels.
This is exactly the energy region where the Roper resonance is found, i.e. 1365 MeV/mN ≈ 1.45
(which is called the “critical value” from here on) and the curves approximate more and more the
free energy levels at energies below the critical value.
Now we will do the opposite and set gpiNR = 0. The calculation is performed like before and is
displayed in Fig. 3. The free energy levels of the pion and delta in the final state, i.e.
Efreepi∆ (~n) =
√
m2∆ +
(
2pi
L
)2
|~n|2 +
√
M2pi +
(
2pi
L
)2
|~n|2 , (57)
are denoted by the grey dashed lines. This time we see no clear evidence for an avoided level
crossing. One reason for this is the fact that we are now in an energy region which is mostly above
the critical value. Only the two lowest lying energy levels come close to this energy. Another reason
16
3 4 5 6 7 8
1.5
1.6
1.7
1.8
1.9
2.0
2.1
MπL
E
n
/m N
FIG. 3. Energy levels for different box sizes L considering only pion and delta baryon as intermediate
states. Red solid lines display the numerical results and grey dashed lines the free energy levels of the pion
and delta for |~n|2 = 1, 2, 3, 4 (lowest to highest curve).
is the relatively large coupling hR, which tends to “wash out” the typical signature of avoided level
crossing. This effect has been also observed in the energy levels of the delta resonance in a box [13].
It is important to note that although the delta baryon is a resonance itself we treat it here as a
stable particle. This holds as a first approximation with the argument that the Roper first decays
in a pion and a delta baryon (or pion and nucleon) and then later the delta can decay further. For
future investigations we should take the unstable nature of the delta into account. One example
to achieve this can be the replacement of the delta propagator in our calculations with a modified
propagator including the decay width of the delta. This will be done in a forthcoming work.
Now we take a look at the full system with pions, nucleons and deltas. Our results are given in
Fig. 4, which now include both possible interactions. The avoided level crossing is again visible at
small box sizes and most pronounced between the free |~n|2 = 3 level of the pion and the nucleon
and the free |~n|2 = 2 level of the pion and the delta. The switching of the energy levels between
different free energy levels is clearly seen in the vicinity of the critical value. We also depict the
results without the free energy levels in Fig. 5 to better display the shape of the curves in this
energy region. Further away from the critical value and for larger box sizes the energy levels behave
like the free ones. Looking at the part of the fit with small box sizes, one may ask the question what
happens at MpiL values smaller than the ones depicted. Going to smaller box sizes is problematic
because of two things. One is the fact that for small box sizes around MpiL ' 3 the numerical
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FIG. 4. Energy levels for the full system for different box sizes L. Red solid lines display the numerical
results and blue dashed lines, grey dashed lines display the free energy levels of the pion and nucleon, pion
and delta, respectively.
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FIG. 5. Energy levels for the full system for different box sizes L without displaying the free energy levels.
calculation is already quite unstable due to the overlapping energy levels. At smaller MpiL it will
be extremely difficult to distinguish between the different levels. The other reason is that at smaller
box sizes the exponentially suppressed contributions from the tadpoles and the piR loop can not be
neglected any more and have to be considered explicitely.
All in all the energy levels behave according to our expectations and we see the typical signature
of avoided level crossing due to a resonance. A next possible step would be the investigation of
the energy levels with the inclusion of an unstable delta resonance propagator. Also a calculation
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beyond chiral order O (p3) should be considered.
VI. SUMMARY AND CONCLUSIONS
In this paper, we have analyzed the Roper resonance in a finite volume. The calculation of the
Roper self-energy up to third chiral order in the infinite volume has been repeated and the extension
to the finite volume case has been achieved to find the finite volume corrections of the system. We
have seen that the FV correction of the self-energy contains exponentially suppressed contributions
for large L, which we neglected, and contributions with poles that have to be regularized. The
calculation of the energy levels has been performed using physical baryon and pion masses and only
two LECs had to be taken into account, which had been determined earlier [14]. The main results
are:
• In the delta-free case (hR = 0) the avoided level crossing can be clearly seen in the vicinity of
the Roper resonance energy. For large box sizes, the energy levels approach the free energy
levels.
• In the nucleon-free case (gpiNR = 0) there are no clear signs for avoided level crossing. This
is caused by the large value of hR and by the fact that the energy region lies mostly above
the Roper. The approach to the free energy levels for large L is not as explicit as in the delta
free case.
• Looking at the full system with nucleons and deltas, the avoided level crossing is observed
again. Also in this case the approach to the free energy levels for large L can be seen.
Note that all the discussed calculations here can also be performed at non-physical pion masses.
The remaining question is the treatment of the delta resonance in the finite volume. Assuming
the delta to be a stable particle is a reasonable first approximation, but in further calculations its
resonance characteristic must be included. Further, a calculation to fourth order (or higher) in the
chiral expansion can be considered. However, this will increase the number of LECs that have to
be taken into account.
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Appendix A: Passarino-Veltman Integrals
The Passarino-Veltman Integrals [32] (see also Ref. [33]) are a specific representation of loop
integrals, which we use here. The infinities emerging from the evaluation of the loop integrals in
dimensional regularization are contained in R, which is given by
R =
2
D − 4 −
[
log(4pi) + Γ′(1) + 1
]
,
where D denotes the space-time dimension and Γ is the Gamma function. This term will be
cancelled in the M˜S renormalization scheme which is commonly used in ChPT calculations.
The following list contains the loop functions that appear in our calculations and gives their
respective results in the infinite volume.
• Integral with one propagator:
A0(m
2) = −16pi2iµ4−D
∫
dDk
(2pi)D
1
k2 −m2 + i
= −m2
[
R+ log
(
m2
µ2
)]
.
• Integral with two propagators:
B0(p
2,m2,M2) = −16pi2iµ4−D
∫
dDk
(2pi)D
1
[k2 −m2 + i][(k − p)2 −M2 + i]
= (−1)
[
R− 1 + log
(
m2
µ2
)
+
p2 −m2 +M2
p2
log
(
M
m
)
+
2mM
p2
F (Ω)
]
,
where
F (Ω) =

√
Ω2 − 1 log(−Ω−√Ω2 − 1) , Ω ≤ −1
√
1− Ω2 arccos(−Ω) , −1 ≤ Ω ≤ 1
√
Ω2 − 1 log(Ω +√Ω2 − 1)− ipi√Ω2 − 1 , 1 ≤ Ω
,
and
Ω =
p2 −m2 −M2
2mM
.
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• Tensor integrals with two propagators:
Bµ(p2,m2,M2) = −16pi2iµ4−D
∫
dDk
(2pi)D
kµ
[k2 −m2 + i][(k − p)2 −M2 + i]
:= pµB1(p
2,m2,M2) ,
where
B1(p
2,m2,M2) =
1
2p2
{ [
p2 +m2 −M2]B0(p2,m2,M2)−A0(m2) +A0(M2)} ,
and
Bµν(p2,m2,M2) = −16pi2iµ4−D
∫
dDk
(2pi)D
kµkν
[k2 −m2 + i][(k − p)2 −M2 + i]
:= gµνB00(p
2,m2,M2) + pµpνB11(p
2,m2,M2)
with
B00(p
2,m2,M2) =
1
2(D − 1)
{
2m2B0(p
2,m2,M2) +A0(M
2)
− [p2 +m2 −M2]B1(p2,m2,M2)} ,
and
B11(p
2,m2,M2) =
1
2p2
{ [
p2 +m2 −M2]B1(p2,m2,M2)
+A0(M
2)− 2B00(p2,m2,M2)
}
.
• Integral with three propagators:
C0(0, p
2, p2,m2,m2,M2) = iµ4−D
∫
dDk
(2pi)D
−16pi2
[k2 −m2 + i]2 [(k − p)2 −M2 + i]
=
(
1
2m
)
∂
∂m
B0(p
2,m2,M2) ,
and
C1(0, p
2, p2,m2,m2,M2) =
1
4p2
[
B0(p
2,m2,M2)−B0(0,m2,m2)
+(m2 − p2 −M2)C0(0, p2, p2,m2,m2,M2)
]
.
There are also some special cases appearing, which are listed below
B0(0,m
2,m2) = (−1)
[
R+ 1 + log
(
m2
µ2
)]
,
B0(m
2, 0,m2) = (−1)
[
R− 1 + log
(
m2
µ2
)]
.
These relations can be shown with the explicit form of B0 and it follows that
B0(0,m
2,m2) + 2 = B0(m
2, 0,m2) .
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Appendix B: Useful Formulas
This section contains a handful of useful formulas that were used in our calculations.
• Feynman parameter:
1
AB
=
∫ 1
0
dy
[yA+ (1− y)B]2 .
• Modified Bessel functions of the second kind (see, e.g., [34]):
Kν(z) :=
∫ ∞
0
dt cosh (νt) e−z cosh(t) , for z > 0 .
Special case:
K0(z) =
∫ ∞
0
dt
cos(zt)√
t2 + 1
, for z > 0 .
[1] V. Bernard, Prog. Part. Nucl. Phys. 60, 82 (2008) [arXiv:0706.0312 [hep-ph]].
[2] R. Edwards, PoS LATTICE 2019, 253 (2019).
[3] L. D. Roper, Phys. Rev. Lett. 12, 340 (1964).
[4] M. Tanabashi et al. [Particle Data Group], Phys. Rev. D 98, 030001 (2018).
[5] A. Rusetsky, PoS LATTICE 2019, 281 (2019) [arXiv:1911.01253 [hep-lat]].
[6] T. Bauer, S. Scherer and L. Tiator, Phys. Rev. C 90, 015201 (2014) [arXiv:1402.0741 [nucl-th]].
[7] M. Gelenava, Eur. Phys. J. A 54, 88 (2018) [arXiv:1711.03494 [nucl-th]].
[8] B. Golli, H. Osmanovic, S. Sirca and A. Svarc, Phys. Rev. C 97, 035204 (2018) [arXiv:1709.09025
[hep-ph]].
[9] J. J. Wu, D. B. Leinweber, Z. w. Liu and A. W. Thomas, Phys. Rev. D 97, 094509 (2018)
[arXiv:1703.10715 [nucl-th]].
[10] C. B. Lang, L. Leskovec, M. Padmanath and S. Prelovsek, Phys. Rev. D 95, 014510 (2017)
[arXiv:1610.01422 [hep-lat]].
[11] Z. W. Liu, W. Kamleh, D. B. Leinweber, F. M. Stokes, A. W. Thomas and J. J. Wu, Phys. Rev. D 95,
034034 (2017) [arXiv:1607.04536 [nucl-th]].
[12] U. J. Wiese, Nucl. Phys. Proc. Suppl. 9, 609 (1989).
[13] V. Bernard, U.-G. Meißner and A. Rusetsky, Nucl. Phys. B 788, 1 (2008) [hep-lat/0702012 [HEP-LAT]].
[14] J. Gegelia, U.-G. Meißner and D. L. Yao, Phys. Lett. B 760, 736 (2016) [arXiv:1606.04873 [hep-ph]].
[15] S. R. Beane and U. van Kolck, J. Phys. G 31, 921 (2005) [nucl-th/0212039].
[16] B. Borasoy, P. C. Bruns, U.-G. Meißner and R. Lewis, Phys. Lett. B 641, 294 (2006) [hep-lat/0608001].
[17] D. Djukanovic, J. Gegelia and S. Scherer, Phys. Lett. B 690, 123 (2010) [arXiv:0903.0736 [hep-ph]].
22
[18] B. Long and U. van Kolck, Nucl. Phys. A 870-871, 72 (2011), [arXiv:1105.2764 [nucl-th]].
[19] W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1941).
[20] C. Hacker, N. Wies, J. Gegelia and S. Scherer, Phys. Rev. C 72, 055203 (2005) [hep-ph/0505043].
[21] H. B. Tang and P. J. Ellis, Phys. Lett. B 387, 9 (1996) [hep-ph/9606432].
[22] H. Krebs, E. Epelbaum and U.-G. Meißner, Phys. Lett. B 683, 222 (2010) [arXiv:0905.2744 [hep-th]].
[23] R. Mertig, M. Bohm and A. Denner, Comput. Phys. Commun. 64, 345 (1991).
[24] V. Shtabovenko, R. Mertig and F. Orellana, Comput. Phys. Commun. 207, 432 (2016)
[arXiv:1601.01167 [hep-ph]].
[25] T. Fuchs, J. Gegelia, G. Japaridze and S. Scherer, Phys. Rev. D 68, 056005 (2003) [hep-ph/0302117].
[26] D. Severt, U.-G. Meißner and J. Gegelia, JHEP 1903, 202 (2019) [arXiv:1902.10508 [hep-ph]].
[27] M. Lüscher, Nucl. Phys. B 354, 531 (1991).
[28] J. Gasser and H. Leutwyler, Nucl. Phys. B 307, 763 (1988).
[29] A. Ali Khan et al. [QCDSF-UKQCD Collaboration], Nucl. Phys. B 689, 175 (2004) [hep-lat/0312030].
[30] S. R. Beane and M. J. Savage, Phys. Rev. D 70, 074029 (2004) [hep-ph/0404131].
[31] V. Bernard, D. Hoja, U.-G. Meißner and A. Rusetsky, JHEP 0906, 061 (2009) [arXiv:0902.2346 [hep-
lat]].
[32] G. Passarino and M. J. G. Veltman, Nucl. Phys. B 160, 151 (1979).
[33] R. K. Ellis, Z. Kunszt, K. Melnikov and G. Zanderighi, Phys. Rept. 518, 141 (2012) [arXiv:1105.4319
[hep-ph]].
[34] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions, Dover Publications, Inc. (1972).
